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Finite-Size Scaling of the Density of States in Photonic Band Gap Crystals
Shakeeb Bin Hasan, Allard P. Mosk,∗ Willem L. Vos, and Ad Lagendijk
Complex Photonic Systems (COPS), MESA+ Institute for Nanotechnology,
University of Twente, P.O. Box 217, 7500 AE Enschede, The Netherlands
(Dated: Day: June 4, 2018, Time: 01:41)
The famous vanishing of the density of states (DOS) in a band gap, be it photonic or electronic,
pertains to the infinite-crystal limit. In contrast, all experiments and device applications refer to
finite crystals, which raises the question: Upon increasing the linear size L of a crystal, how fast does
the DOS approach the infinite-crystal limit? We present a theory for finite crystals that includes
Bloch-mode broadening due to the presence of crystal boundaries. Our results demonstrate that
the DOS for frequencies inside a band gap has a 1/L scale dependence for crystals in one, two and
three dimensions.
PACS numbers: 42.70.Qs, 78.67.Bf
The discovery brought about by crystallography that
a crystal consists of an infinite array of unit cells with
periodic symmetry [1] has led to the birth of modern
condensed matter physics [2]. The quantum-mechanical
description of electronic degrees of freedom of the solid
state has led to the notion of the density of states (DOS),
and to the characterization of semiconductors by a fre-
quency range of a vanishing DOS, a band gap [2–4]. An
analogy can be drawn between electronic condensed mat-
ter and nanophotonic condensed matter phenomena, as
the underlying mechanism for the formation of a band
gap in both cases is wave interference [3–5]. Indeed,
photonic crystals exhibit Bragg reflections for light [6].
When the light-matter interaction is sufficiently strong,
photonic crystals develop a complete 3D band gap in the
photonic DOS that is the nanophotonic analogue of elec-
tronic semiconductors and insulators [5, 7, 8].
Most theories of the DOS in condensed matter and in
nanophotonics consider infinite systems (L → ∞). Ex-
amples are the plane-wave expansion for waves, both elec-
tronic [2] and photonic [5], or the thermodynamic limit
in liquid state theory [9] that all exploit the underlying
periodic or continuous symmetry. Analytic theories for
the DOS of finite-size crystals are much more difficult
to devise [10]. In contrast, for many other observables,
with the electric conductance as prime example [3, 11–
13], scaling as a function of system size has come to play
a central role in condensed matter physics.
The concept of a band gap, electronic [2] or pho-
tonic [7, 8, 14, 15], applies to infinite systems only. In
contrast, experiments and device applications obviously
involve finite crystals [16, 17], which raises the question:
How fast does the DOS in the band gap of a finite crys-
tal approach the infinite-crystal limit? To our knowledge,
there is no theory that addresses a finite photonic band
gap "crystal" embedded in infinite free space. Developing
a model for such systems implies the inclusion of inter-
faces. Having such a theory is a prerequisite to assess
applications of photonic band gap crystals that rely on
the total DOS. For a photonic medium, the local density
of states (LDOS) represented by ρ(ω, r) is defined as the
number of states per frequency per volume at position r.
Integrating the LDOS over a certain volume V results in
the number of states in that volume:
N (ω) =
∫
V
ρ (ω, r) dr. (1)
The DOS in this volume is defined as
ρ(ω) ≡ N (ω)V , (2)
and the DOS of vacuum is ρvac(ω) = ω
2/(π2c3).
Let us consider a D-dimensional photonic crystal of
linear size L with lossless boundary conditions such as pe-
riodic boundary conditions (PBC). In this crystal, Bloch
modes appear with a wave vector k in the first Brillouin
zone, a band index n, and eigenfrequencies ωn(k). For
a photonic crystal with PBC, the DOS in LD can be
calculated from the Green’s function G(ω2) [18–20]:
ρPBC(ω) =
2ω
LD
(−1
π
)
Im
{
TrG(ω2)
}
(3)
= − 2ω
πLD Im

 lim
ǫ→0+
∑
k,n
1
ω2n(k)− ω2 + iǫ

 ,(4)
=
2ω
LD
∑
k,n
δ
(
ω2n(k)− ω2
)
. (5)
As long as L is finite, k is discrete and ρ(ω) consists of
a sum of delta functions separated in frequency. Only
in the limit L → ∞ does the DOS become a continuous
function of frequency. Apparently, crystals with finite
size L and PBC do not constitute a good model for open
systems. Even if we supply the finite-size crystals with
boundary conditions different from PBC but still energy
preserving, we will always end up with a sum of discrete
delta functions for finite L.
Experiments are done on finite crystals with open
boundaries or in technical terms, on crystals with finite
support, with a volume Vs = (Ls)
D. These crystals have
2a continuous density of states for any value of the support
Ls in agreement with experiments.
When Bloch waves reach an interface, they can escape
into free space, which is an absorption event. Therefore,
to describe finite-support systems, we need absorptive
boundary conditions. We introduce an effective intensity
reflection coefficient R that is an average of the angle-
dependent reflection coefficients of Bloch modes. The
magnitude of R depends on the refractive index of the
surrounding free space. Basically, R describes the mixed
character of the boundary conditions [21–23]. The prop-
agation length of a Bloch mode becomes
L =
1 +R
1−RLs, (6)
where L is the effective linear size of the D-dimensional
crystal. For R < 1, the propagation lengths L of Bloch
modes are finite, and the wave vectors become complex
valued:
k→ k+ ikˆ/L, (7)
where L functions as a mean free path. From here on, we
take without loss of generality R = 0, implying L = Ls.
Other values of R lead to the same scaling laws with L.
To calculate the finite-L correction to the density of
states, we insert Eq. (7) in to dispersion relation
ωn(k + ikˆ/L) ≈ ωn(k) + i∆n(k), (8)
with
∆n(k) ≡ 1
L
∣∣∣∣kˆ · ∂ωn(k)∂k
∣∣∣∣ , (9)
where the absolute value ensures that the imaginary part
reflects absorption and not gain. The change of the real
part of the eigenfrequencies due to scattering or absorp-
tion is a higher-order correction to be included in future
work.
Incorporating dispersion [Eq. (8)] into Eq. (4) results
in
ρ(ω) =
∑
k,n
2ω
−π Im
1
ω2n(k)− ω2 + i2ωn(k)∆n(k)
. (10)
The modification caused by our model is that the sum of
delta functions becomes a sum of Lorentzian line shapes.
Equation (10) is our central result. Remarkably, it al-
lows us to calculate the DOS in a finite-volume photonic
crystal from the band structure of an infinite crystal. It
offers a direct way to predict volume-averaged rates for
processes that depend on the DOS, such as spontaneous
emission frommany sources distributed over the photonic
crystal.
Figure 1 illustrates our model. In Fig. 1(a), the modes
for an infinite crystal are depicted as zero-linewidth peaks
that do not spill into the band gap. For the finite-support
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Figure 1. Schematic presentation of crystal modes that con-
tribute to the DOS. (a) In an infinite photonic crystal, the
continuum of modes outside the band gap are represented by
delta functions (blue peaks). The resulting DOS, plotted in
the third dimension at the left, vanishes in the band gap and
is only nonzero outside the gap. (b) In a finite-support crystal
the modes become Lorentzian (orange). Since the modes have
finite widths, they extend into the band gap, thereby causing
a nonzero DOS in the gap (orange-filled area).
crystals, Fig. 1(b), the modes become Lorentzians with
finite widths. As a result, the modes extend into the
band gap, thereby causing a nonvanishing DOS.
As a generic example of a 3D photonic band gap crys-
tal, we consider a cubic diamondlike 3D inverse wood-
pile crystal that is known to exhibit a broad 3D pho-
tonic band gap [24–26]. Figure 2(a) shows the photonic
band structure calculated using the plane wave expan-
sion method [30] in the irreducible Brillouin zone. The
crystal is made of silicon (dielectric constant ε = 12.1)
with cylindrical air holes of radius R = 0.24a, where a
is the length of one side of the tetragonal unit cell while
the other two lattice parameters are a/
√
2 [27]. The DOS
of the infinite crystal in Fig. 2(b) shows the band gap.
The corresponding DOS for a finite-support crystal with
volume N3a3/2 ≡ L3/2, with N3 being the number of
unit cells, is shown in Fig. 2(c). We find that the DOS
inside the band gap does not vanish anymore due to the
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Figure 2. (a) Photonic band structure of a 3D inverse wood-
pile crystal. The lattice constant of one side of the tetrag-
onal unit cell is a, while the other two are a/
√
2. Air holes
in the silicon host (dielectric constant ε = 12.1) have a ra-
dius of R = 0.24a. The highlighted blue area indicates the
band gap. (b) DOS for the infinite crystal as a function
of the reduced frequency ω˜ ≡ ωa/2pic = a/λ. The DOS is
scaled with 4/(a2c), leading to ρ˜vac = ω˜
2. (c) DOS calculated
according to Eq. (10) for a finite-support crystal of volume
L3/2 ≡ a3N3/2, where N3 is the number of unit cells [27].
nonzero linewidth of the modes. Expectedly, the DOS in
the band gap decreases with increasing crystal size.
To obtain the finite-size scaling of the DOS inside the
band gap, we plot in Fig. 3(a) the minimum DOS in the
band gap as a function of the inverse of the linear size
L. Considering the exponential decrease of the LDOS
at the center of a finite-size crystal as a function of its
size [17, 31–33], it is remarkable that the minimum DOS
in Fig. 3(a) is very accurately described by a 1/L depen-
dence.
To investigate the dependence on dimensionality, we
consider a generic 2D square lattice crystal of lattice
constant a made of dielectric cylinders that exhibits a
band gap for the s polarization (electric field out of the
plane) [5]. The minimum DOS inside the band gap
is shown in Fig. 3(b) for a finite-size crystal of area
a2N2 ≡ L2 versus inverse length 1/L. As in the case
of a 3D crystal, we find the DOS predicted by Eq. (10)
to be well described by a 1/L scaling in a 2D crystal [27].
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Figure 3. Minimum of the DOS in the band gap of (a) a 3D
inverse woodpile crystal and (b) a 2D square lattice crystal (b)
versus the inverse length 1/L of crystals. Red circles denote
the DOS calculated using Eq. (10), while the solid blue curve
is the linear fit in the large size limit with slopes (a) m = 1.36
and (b) m = 1.13 (b).
It seems that deviations from the 1/L scaling for very
small crystal sizes happen earlier for 2D than for 3D.
This could be a dimensionality effect, as the surface-to-
volume ratio is larger in 2D than in 3D, but could also
be due to the fact that the crystal types are different.
The finite-size scaling of the DOS in 1D can be calcu-
lated exactly; hence, we do not have to use our model
Eq. (10). In the Supplemental Material, we include the
case of a generic 1D Bragg stack in which the DOS is
calculated rigorously from the position-dependent LDOS.
The DOS in the band gap of the 1D stack also exhibits
the inverse linear scaling versus crystal size, establishing
the universality of the DOS finite-size scaling inside the
band gap for crystals of any dimension. Moreover, we
have calculated the finite-size scaling for the same 1D
crystal using our model of Bloch mode broadening. To
our satisfaction, the Lorentz model also shows a 1/L de-
pendence of the DOS [27].
Exact calculations for 2D and 3D photonic crystals are
beyond the scope of present-day computational power.
However, there is a 3D model that can be solved exactly
and that has a band gap in the infinite-size limit. The
system is a metallic sphere in free space that is lossless at
a particular frequency [34, 35]. A homogeneous medium
with such a dielectric constant has a zero DOS at that
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Figure 4. (a) DOS, normalized to vacuum, inside a lossless
metallic sphere with dielectric constant ε = −0.1 (blue), ε =
−0.6 (red), and ε = −1.1 (yellow) as a function of the inverse
size parameter λ/2pia, showing linear scaling for small values
of inverse radius. The slopes of linear fits are m = 0.21, m =
0.55, and m = 0.64 for ε = −0.1, ε = −0.6, and ε = −1.1,
respectively. (b) Total number of states per frequency inside
the sphere Nsph as a function of the surface area.
frequency. In a sphere of finite radius a, however, the
DOS will be nonvanishing and can be calculated by inte-
grating the LDOS inside the sphere [36, 37].
ρsph(ω) ≡ Nsph (ω)
Vsph
=
4π|ε|
Vsph
∫ a
0
ρsph (ω, r) r
2dr, (11)
with ε being the dielectric constant of the sphere,
Nsph (ω) the total number of states per frequency inside
the sphere, and Vsph ≡ 4πa3/3 the volume. Figure 4(a)
shows the DOS inside the sphere ρsph(ω) as a function of
sphere radius at a fixed frequency for three typical neg-
ative values of the dielectric constant. In each case, the
DOS inside the sphere decreases linearly with the inverse
of the radius, which is the same behavior as the DOS
found for 3D, 2D, and 1D photonic crystals [27]. We can
also calculate the total number of states Nsph(ω) for any
radius, as shown in Fig. 4(b). This figure, together with
Eq. (11), demonstrates that the inverse linear scaling of
the DOS is due to N ∝ LD−1, which is the surface area
of the sphere.
Let us explore the origin of the universal 1/L finite-
size scaling of the DOS. Light illuminating a photonic
crystal with a frequency inside a stop gap will have its
intensity exponentially attenuated with a characteristic
length LB called the Bragg length. We introduce a sim-
ple shell model where the contribution to the number of
states inside a finite-size crystal consists of a contribution
of the bulk and a shell near the interface of depth LB. We
assume that inside the bulk of the crystal the LDOS is
constant: ρ(ω, r) ≈ constant ≡ ρbulk. The spatial vari-
ation of the LDOS inside the shell is approximated by
linear interpolation
ρ(z) = ρint +
ρbulk − ρint
LB
z, for 0 < z ≤ LB, (12)
where ρint is the LDOS at the vacuum-crystal interface
and z is defined as perpendicular to the interface that is
located at z = 0. Simple integration of the LDOS to ob-
tain the DOS in the finite-support crystal and retaining
the lowest power of LB/L results in [27]
ρ ≈
(
1− fLB
2L
)
ρbulk +
fLB
2L
ρint, (13)
where f is the number of faces, with f = 6 in 3D, f = 4
in 2D, and f = 2 in 1D. For a 1D photonic crystal with
lattice spacing d, the Bragg length equals [38–40]
LB =
2d
π
ωc
∆ω
, (14)
where ωc is the central frequency of the gap and ∆ω
the width of the stopgap associated with the planes.
For higher dimensions, the same equation pertains when
for d we take the smallest distance for a set of crystal
planes. In the case of a photonic band gap (ρbulk = 0),
the shell model leads to 1/L finite-size scaling, since
ρ ≈ (fLB/2L)ρint, confirming the scaling behavior found
from the Lorentzian model.
With the shell model from Eq. (13) (ρint ≈ ρvac),
we predict the slope in Fig. 3(a) to be 1.54 and that
in Fig. 3(b) to be 1.03. These two slopes agree very
well with the slopes 1.36 and 1.13, respectively, from our
Lorentzian model [Eq. (10)]. The differences between the
slopes predicted by the two models may be reduced by
using more realistic values for the reflection coefficients in
the shell model. However, given its simplicity, we refrain
from extending the shell model to include the complica-
tion of internal reflection. We find that for all dimensions,
both the Lorentzian and the shell model predict a 1/L
scaling of the DOS. The fact that two such widely differ-
ent methods lead to similar results is a strong evidence
that they reveal the correct physical behavior.
We can also use the shell model Eq. (13) to predict the
scaling for the lossless metallic sphere, where we replace
the Bragg length with the decay length λ/(4π
√−ε) and
use the exact value for ρint [27]. Our shell model predicts
a 3LB/a scaling of the DOS [27], leading to slopes in
Fig. 4(a) of 0.41, 0.68, and 0.72 for ε = −0.1, ε = −0.6,
and ε = −1.1, respectively. These slopes agree well with
the exact values 0.21, 0.55, and 0.64, demonstrating the
accuracy of the shell model for the lossless sphere.
5We find that in finite-support photonic band gap crys-
tals, almost all DOS contributions come from thin layers
near the interfaces. It is well known that the LDOS in the
center of a finite-support crystal scales exponentially with
the size [17, 31, 32]. However, for applications like the
control of spontaneous emission of bulk emitters [16, 17],
it is not the local but the global DOS that comes into
play. The inverse linear scaling with size of this DOS indi-
cates that realistic clusters have to be very large to show
substantial photonic band gap effects. Conversely, ap-
plications that aim to control spontaneous emission can
benefit from a strongly modified DOS when light sources
are removed from the thin layer near the crystal’s surface.
This project is part of the program "Stirring of Light!"
and the TTW Program 11985 that are part of the Ned-
erlandse Organisatie voor Wetenschappelijk Onderzoek
(NWO). A. P. M acknowledges a Vici grant from NWO.
We thank Elahe Yeganegi for discussions and help with
Fig. 1.
∗ Current address: Nanophotonics, Debye Institute for
Nanomaterials Science, Utrecht University, The Nether-
lands
[1] W. H. Bragg and W. L. Bragg, The reflection of x-rays
by crystals, Proc. R. Soc. London 88, 428 (1913).
[2] N. W. Ashcroft and N. D. Mermin, Solid State Physics
(Saunders, New York, 1976).
[3] P. Sheng, Introduction to Wave Scattering, Localization
and Mesoscopic Phenomena (Springer, Berlin, 2006).
[4] E. Akkermans and G. Montambaux, Mesoscopic Physics
of Electrons and Photons (Cambridge, Cambridge, Eng-
land, 2011).
[5] J. D. Joannopoulos, S. G. Johnson, J. N. Winn, and R.
D. Meade, Photonic Crystals: Molding the Flow of Light
(Princeton University Press, Princeton, NJ, 2008).
[6] P. Vukusic and J. R. Sambles, Photonic structures in
biology, Nature (London), 424, 852 (2003).
[7] E. Yablonovitch, Inhibited Spontaneous Emission in
Solid-State Physics and Electronics, Phys. Rev. Lett. 58,
2059 (1987).
[8] S. John, Strong Localization of Photons in Certain Disor-
dered Dielectric Superlattices, Phys. Rev. Lett. 58, 2486
(1987).
[9] J.-P. Hansen and I. R. McDonald, Theory of Simple Liq-
uids (Academic, London, 2013).
[10] F. Yndurain, J. D. Joannopoulos, M. L. Cohen, and L.
M. Falicov, New theoretical method to study densities
of states of tetrahedrally coordinated solids, Solid State
Commun. 15, 617 (1974).
[11] P. W. Anderson, Absence of diffusion in certain random
lattices, Phys. Rev. 109, 1492 (1958).
[12] E. Abrahams, P. W. Anderson, D. C. Licciardello, and T.
V. Ramakrishnan, Scaling Theory of Localization: Ab-
sence of Quantum Diffusion in Two Dimensions, Phys.
Rev. Lett. 42, 673 (1979).
[13] M. E. Fisher and V. Privman, First-order transitions
breaking O(n) symmetry: Finite-size scaling, Phys. Rev.
B 32, 447 (1985).
[14] V. Bykov, Spontaneous emission in a periodic structure,
J. Exp. Theor. Phys. 35, 269 (1972).
[15] N. Vats, S. John, and K. Busch, Theory of fluorescence
in photonic crystals, Phys. Rev. A 65, 043808 (2002).
[16] S. Ogawa, M. Imada, S. Yoshimoto, M. Okano, and S.
Noda, Control of light emission by 3D photonic crystals,
Science 305, 227 (2004).
[17] M. D. Leistikow, A. P. Mosk, E. Yeganegi, S. R. Huis-
man, A. Lagendijk, and W. L Vos, Inhibited Spontaneous
Emission of Quantum Dots Observed in a 3D Photonic
Band Gap, Phys. Rev. Lett. 107, 193903 (2011).
[18] E. N. Economopu, Green’s Functions in Quantum
Physics (Springer, Berlin, 1990), 2nd ed. See Eq. (1.28).
[19] R. Sprik, B. A. van Tiggelen, and A. Lagendijk, Optical
emission in periodic dielectrics, Europhys. Lett. 35, 265
(1996).
[20] K. Busch and S. John, Photonic band gap formation in
certain self-organizing systems, Phys. Rev. E 58, 3896
(1998).
[21] P. M. Morse and H. Feshbach, Methods of Theoretical
Physics (McGraw-Hill, New York, 1953), Vol. 1, p. 495.
[22] A. Lagendijk, R. Vreeker, and P. de Vries, Influence of
internal reflection on diffusive transport in strongly scat-
tering media, Phys. Lett. A 136, 81 (1989).
[23] J. X. Zhu, D. J. Pine, and D. A. Weitz, Internal reflection
of diffusive light in random media, Phys. Rev. A 44, 3948
(1991).
[24] K. M Ho, C. T. Chan, C. M. Soukoulis, R. Biswas, and
M. Sigalas, Photonic band gaps in three dimensions: New
layer-by-layer periodic structures, Solid State Commun.
89, 413, (1994).
[25] R. Hillebrand, S. Senz, W. Hergert, and U. Gösele,
Macroporous-silicon-based three-dimensional photonic
crystal with a large complete band gap, J. Appl. Phys.
94, 2758 (2003).
[26] S. R. Huisman, R. V. Nair, L. A. Woldering, M. D.
Leistikow, A. P. Mosk, and W. L. Vos, Signature of a
three-dimensional photonic band gap observed on sili-
con inverse woodpile photonic crystals, Phys. Rev. B 83,
205313 (2011).
[27] See Supplemental Material for further details on struc-
ture and calculation method, which includes Refs. [28,
29].
[28] D. Devashish, S. B. Hasan, J. J. W. van der Vegt, and W.
L. Vos, Reflectivity calculated for a three-dimensional sil-
icon photonic band gap crystal with finite support, Phys.
Rev. B 95, 155141 (2017).
[29] M. Born and E. Wolf, Principles of Optics (Pergamon,
Oxford, 1984).
[30] S. G. Johnson and J. D. Joannopoulos, Block-iterative
frequency-domain methods for Maxwell’s equations in a
planewave basis, Opt. Express 8, 173 (2001).
[31] A. A. Asatryan, K. Busch, R. C. McPhedran, L. C.
Botten, C. M. de Sterke, and N. A. Nicorovici, Two-
dimensional Green’s function and local density of states
in photonic crystals consisting of a finite number of cylin-
ders of infinite length, Phys. Rev. E 63, 046612 (2001).
[32] K. Ishizaki, M. Okano, and S. Noda, Numerical investi-
gation of emission in finite-sized, three-dimensional pho-
tonic crystals with structural fluctuations, J. Opt. Soc.
Am. B 26, 1157 (2009).
[33] E. Yeganegi, A. Lagendijk, A. P. Mosk, and W. L. Vos,
Local density of optical states in the band gap of a fi-
nite one-dimensional photonic crystal, Phys. Rev. B 89,
6045123 (2014).
[34] J. B. Khurgin and G. Sun, In search of the elusive lossless
metal, Appl. Phys. Lett. 96, 181102 (2010).
[35] H. Chew, Transition rates of atoms near spherical sur-
faces, J. Chem. Phys. 87, 1355 (1987).
[36] R. Carminati, A. Cazé, D. Cao, F. Peragut, V. Krach-
malnicoff, and R. Pierrat, Electromagnetic density of
states in complex plasmonic systems, Surf. Sci. Rep. 70,
1 (2015).
[37] A. Lagendijk and B. A. van Tiggelen, Resonant multiple
light scattering of light, Phys. Rep. 270, 143 (1996).
[38] S. Y. Lin and G. Arjavalingam, Tunneling of electromag-
netic waves in two-dimensional photonic crystals, Opt.
Lett. 18, 1666 (1993).
[39] Y. A. Vlasov, V. N. Astratov, O. Z. Karimov, A. A.
Kaplyanskii, V. N. Bogomolov, and A. V. Prokofiev, Ex-
istence of a photonic pseudogap for visible light in syn-
thetic opals, Phys. Rev. B 55, R13357 (1997).
[40] Y. Neve-Oz, M. Golosovsky, and D. Davidov, Bragg at-
tenuation length in metallo-dielectric photonic band gap
materials, J. Appl. Phys. 95, 5989 (2004).
